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Abstract
In this paper, a computationally simple and explicit method of
constructing recursive sequence of primitive polynomials of degree
n2k(k = 1, 2, 3, . . .) over Fq is given.
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1 Introduction
Let Fq be the Galois field of order q = p
s, where p is a prime and s is a
natural number, and F∗q be its multiplicative group. A generator of the cyclic
group F∗q is called a primitive element of Fq.
A polynomial f(x) ∈ Fq[x] of degree n ≥ 1 is called a primitive polynomial
over Fq if it is the minimal polynomial of a primitive element of Fqn over Fq.
Thus, a primitive polynomial over Fq of degree n may be described as a monic
polynomial that is irreducible over Fq and has a root α ∈ Fqn that generates
the multiplicative group of Fqn.
The least positive integer e for which f(x) divides xe − 1, is called the
order of f(x) and is denoted by ord(f) = ord(f(x)). Also, it is known that
ord(f) is equal to the order of any root of f in the multiplicative group F∗qn
and ord(f) divides qn − 1 [8]. So, the order of f(x) is at most qn − 1. By
the above mentions, a polynomial f(x) ∈ Fq[x] of degree n is a primitive
polynomial if and only if f(x) is monic, f(0) 6= 0 and ord(f(x)) = qn − 1.
Interest in primitive polynomials stems both from mathematical theory
and practical applications such as coding theory, cryptography, complexity
theory, computer science and computational mathematics (see [1, 3, 8, 9]).
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It is essentially less known about constructing primitive polynomials in finite
fields. In the recent years, a method for constructing primitive polynomials
is given in [2]. Some results on the primitive polynomials over Fq can be
found in [4, 5, 6].
In this paper, in Section2, some basic concepts and propositions are given.
Section3 is devoted to construction of a family of irreducible polynomials
over F2s . In Section4, a recurrent method to construct a family of primitive
polynomials of degree n2k, k ≥ 0 over F2s is presented. For this, we will
show that all members of the sequence (F+k (x))k≥0 defined by polynomials
F+k (x) = (
1
Fk(0)
)Fk(x) ∈ F2s[x] of degree n2
k, are constructed by iterated
application of the polynomial composition Fk(x) = x
n2kFk−1(
x+1
x2
), k ≥ 0,
for a suitable chosen initial primitive polynomial F0(x) ∈ F2s [x] of degree n
are primitive polynomials over F2s . Section5 is devoted to construction of the
primitive polynomials Fk(x), k ≥ 0, of degree n2
k, are constructed by the
polynomial composition Fk(x) = Fk−1(x
2 + x), k ≥ 0, for a suitable chosen
initial primitive polynomial F0(x) ∈ Fq[x] of degree n, where q is odd.
2 Preliminary notes
The following results will be helpful to derive our study.
Recall that for a polynomial f(x) of degree n when f(0) 6= 0 its monic
reciprocal is defined by f ∗(x) = 1
f(0)
xnf( 1
x
). The trace of α in Fqn over Fq,
is given by TrFqn |Fq(α) =
∑n−1
i=0 α
qi. For convenience, TrFqn |Fq is denoted by
Trqn|q.
Proposition 2.1. ([10], Corollary 3.6) For a, b ∈ F∗q the trinomial x
p −
ax − b is irreducible over Fq if and only if a = A
p−1, for some A ∈ Fq and
Trq|p(
b
Ap
) 6= 0.
Proposition 2.2. ([8]) Let f(x), g(x) ∈ Fq[x] be relatively prime polynomials
and let P (x) ∈ Fq[x] be an irreducible polynomial of degree n. Then the
composition
F (x) = gn(x)P
(
f(x)
g(x)
)
is irreducible over F2s if and only if f(x)− αg(x) is irreducible over Fqn for
some roots α ∈ Fqn of P (x).
Proposition 2.3. ([7])Let F0(x) is an irreducible polynomial of degree n > 1
over Fq, where n is even if q ≡ 3( mod 4). Then the polynomial Fk(x) =
Fk−1(x
2 + 2x) is irreducible of degree 2n over Fq if and only if F0(−1) is
non-square in Fq.
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Proposition 2.4. ([8]). Let f(x) ∈ Fq[x] be a polynomial of positive degree
with f(0) 6= 0. Let r be the least positive integer for which xr is congruent
mod f(x) to some element of Fq, so that x
r ≡ a( mod f(x)) with a uniquely
determined a ∈ F∗q . Then ord(f) = rh where h is the order of a in the
multiplicative group F∗q.
3 Construction of irreducible polynomials
In this section we examine the irreducibility of composite polynomial x2nP ( δ0x+δ1
x2
)
over F2s . We prove some results that will be helpful to construct sequences
of high degree irreducible polynomials over a finite fields.
Theorem 3.1. Let P (x) =
∑n
i=0 cix
i be an irreducible polynomial over F2s
of degree n. Then
F (x) = x2nP
(
δ0x+ δ1
x2
)
, δ0, δ1 ∈ F
∗
2s
is an irreducible polynomial of degree 2n over F2s if and only if
Tr2s|2
(
δ1
δ20
(
P ∗′(0)
P ∗(0)
))
6= 0.
Proof. Let α ∈ F2sn be a root of P (x). Irreducibility of P (x) over F2s implies
that it can represented over F2sn as
P (x) = cn
n−1∏
u=0
(x+ α2
su
).
By substituting δ0x+δ1
x2
for x and multiplying its both sides by x2n, we get
F (x) = x2nP
(
δ0x+ δ1
x2
)
= cnx
2n
n−1∏
u=0
(
δ0x+ δ1
x2
+ α2
su
)
= cnα
2
sn
−1
2s−1
n−1∏
u=0
(
x2 + (
δ0
α
)
2su
x+ (
δ1
α
)
2su)
.
Proposition 2.2 implies that F (x) is an irreducible polynomial over F2s if and
only if
x2 +
δ0
α
x+
δ1
α
3
is an irreducible polynomial over F2sn . Then by Proposition 2.1, F (x) is an
irreducible polynomial over F2s if and only if
Tr2sn|2
(
δ1
α
( δ0
α
)
2
)
= Tr2sn|2(
δ1α
δ20
) 6= 0.
To calculate the aforementioned trace, note that
Tr2sn|2
(
δ1α
δ20
)
= Tr2s|2
(
Tr2sn|2s
(
δ1α
δ20
))
. (1)
The inner trace in the right side of the Equation 1 can be expanded as
Tr2sn|2s
(
δ1α
δ20
)
=
(
δ1
δ20
)
Tr2sn|2s(α).
So, we have
Tr2sn|2s
(
δ1α
δ20
)
=
δ1
δ20
(
cn−1
cn
)
=
δ1
δ20
(
P ∗′(0)
P ∗(0)
)
. (2)
Hence (1) and (2) imply that
Tr2sn|2
(
δ1α
δ20
)
= Tr2s|2
(
δ1
δ20
(
P ∗′(0)
P ∗(0)
)
)
.
By the given condition, F (x) is an irreducible polynomial over F2s .
In the following theorem we will describe a computationally simple and
explicit recurrent method for constructing higher degree irreducible polyno-
mials over finite field F2s starting from an irreducible polynomial.
Theorem 3.2. Let P (x) be an irreducible polynomial of degree n over F2s.
Define
F0(x) = P (x),
Fk(x) = x
n2kFk−1
(
x+ 1
x2
)
k ≥ 1. (3)
Suppose that
Tr2s|2
(
P ′(0)
P (0)
)
· Tr2s|2
(
P ∗′(0)
P ∗(0)
)
6= 0.
Then (Fk(x))k≥1 is a sequence of irreducible polynomials over F2s of degree
n2k.
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Proof. We start our proof by setting δ0, δ1 = 1 in Theorem 3.1. According to
Theorem 3.1 and hypothesis of theorem, F1(x) is an irreducible polynomial
over F2s of degree 2n . Also by Theorem 3.1, for every k ≥ 2, Fk(x) is an
irreducible polynomial over F2s if and only if Tr2s|2(
F ∗
k−1
′(0)
F ∗
k−1
(0)
) 6= 0. On the
other hand, from (3), we have
F ∗k (x) = x
n2kFk(
1
x
)
= xn2
k
(
1
x
)n2k
Fk−1
(
( 1
x
) + 1
( 1
x
)
2
)
= Fk−1(x
2 + x),
for each k ≥ 1. So
F ∗k (0) = Fk−1(0) (4)
and
F ∗k
′(0) = F ′k−1(0), (5)
for each k ≥ 1. On the other side
F ′k(x) = x
n2k−2F ′k−1
(
x+ 1
x2
)
.
So, it is easy to see that
F ′k(0) = F
∗
k−1
′(0), (6)
for each k ≥ 1. Using (5) and (6), we get
F ∗k
′(0) =
{
P ′(0) if k is odd
P ∗′(0) if k is even
(7)
for each k ≥ 1. From (3) it is easy to see that
Fk(0) = F
∗
k−1(0) (8)
for each k ≥ 1. Using (4) and (8), we get
F ∗k (0) =
{
P (0) if k is odd
P ∗(0) if k is even
(9)
for each k ≥ 1. Therefore by (7) and (9) and the hypothesis of theorem
Fk(x) is an irreducible polynomial over F2s , for each k ≥ 1, and the proof is
completed.
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4 Recursive construction of primitive poly-
nomials in the even characteristic finite fields
In this section we establish theorems which will show how Theorem 3.2 can be
applied to produce infinite sequences of primitive polynomials over F2s. In the
following theorem, a computationally simple and explicit recurrent method
for constructing higher degree primitive polynomials over F2s starting from
a primitive polynomial is described.
Theorem 4.1. Let P (x) be a primitive polynomial of degree n over F2s.
Define
F0(x) = P (x),
Fk(x) = x
n2kFk−1
(
x+ 1
x2
)
k ≥ 1. (10)
Suppose that
Tr2s|2
(
P ′(0)
P (0)
)
· Tr2s|2
(
P ∗′(0)
)
6= 0.
Then (F+k (x))k≥1 is a sequence of primitive polynomials over F2s of degree
n2k, where F+k (x) = (
1
Fk(0)
)Fk(x), for each k ≥ 1.
Proof. Theorem 3.2 and hypotheses of theorem imply that (Fk(x))k≥0 is a
sequence of irreducible polynomials over F2s . Let α = α0 ∈ F2sn be a root of
F0(x) = P (x). So α is a primitive element of F2sn over F2s . Irreducibility of
Fk−1(x) implies that it can represented over F2s as
Fk−1(x) =
n2k−1∑
u=0
cux
u = cn2k−1
n2k−1−1∏
u=0
(x+ α2
su
k−1),
where αk−1 is a root of Fk−1(x). By substituting
x+1
x2
for x and multiplying
its both sides by xn2
k
, we get
Fk(x) = x
n2kFk−1
(
x+ 1
x2
)
= cn2k−1x
n2k
n2k−1−1∏
u=0
(
x+ 1
x2
+ α2
su
k−1
)
= cn2k−1α
2
sn
−1
q−1
n2k−1−1∏
u=0
(
x2 + α−2
su
k−1 x+ α
−2su
k−1
)
.
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Letting that, γ(x) = x2+α−1k−1x+α
−1
k−1 and αk is a root of γ(x) = 0 in F2sn2k .
So αk is a root of F
+
k (x). Obviously, α
2sn2
k−1
k is another root of γ(x) = 0 and
we have
α2
sn2k−1+1
k = αk.α
2sn2
k−1
k = α
−1
k−1, (11)
for each k ≥ 1. It follows that
α
∑k
i=0 2
sn2i−1
k = α
(−1)k . (12)
We clime that αk is primitive in F2sn2k over F2s . On the contrary, suppose
that there exists r0 ∈ N, r0 < 2
sn2k − 1 such that
αr0k = 1. (13)
Then by (12) and (13), we have(
α
∑k
i=0 2
sn2i−1
k
)r0
= α(−1)
kr0.
It follows that
αr0 = 1. (14)
We note that
r0 6= t(2
sn − 1), (15)
for each t ∈ N. Otherwise if there exists t0 ∈ N such that r0 = t0(2
sn − 1),
then by (11) and (13)
(αt0k )
2sn2
k−1
+1
= (αk−1)
t0 .
and so
α2t0k = α
t0(2sn2
k−1
−1)+2t0
k = α
t0(2sn2
k−1
+1)
k = (α
−1
k−1)
t0 .
It follows that α2k = α
−1
k−1. Since αk is a root of γ(x) = 0, so we have
αkα
−1
k−1 = 0, which is impossible. Therefore by (15) there is h0, d0 ∈ N such
that
r0 = d0(q
n − 1) + h0. 0 < h0 < q
n − 1 (16)
So by (14) and (16), there is h0 ∈ N, 0 < h0 < q
n − 1 such that
αh0 = α(q
n−1)d0+h0 = αr0 = 1,
which is impossible, since α is a primitive element of F2sn over F2s. Thus αk
is a primitive element of F
2sn2k
over F2s and the proof is complete.
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5 Recursive construction of primitive poly-
nomials in the odd characteristic finite fields
In this section, a recursive method for constructing primitive polynomials
over finite fields with odd characteristic is given.
Theorem 5.1. Let P (x) is a primitive polynomial of degree n over Fq, where,
n is even, q ≡ 3( mod 4) and f(−1) is non-square in Fq. Define
F0(x) = P (x)
Fk(x) = Fk−1(x
2 + 2x), k ≥ 1.
Then (Fk(x))k≥0 is a sequence of primitive polynomials of degree n2
k over
Fq.
Proof. By Proposition 2.3 and the hypothesis, (Fk(x))k≥0 is a sequence of
irreducible polynomials over Fq. Let α = α0 ∈ Fqn be a root of F0(x) = P (x).
So α is a primitive element of Fqn over Fq. Irreducibility of Fk−1(x) implies
that it can represented over F2s as
Fk−1(x) =
n2k−1∑
u=0
cux
u =
n2k−1−1∏
u=0
(x− αq
u
k−1),
where αk−1 is a root of Fk−1(x). By substituting x
2 + x for x, we get
Fk(x) = Fk−1
(
x2 + x
)
=
n2k−1−1∏
u=0
(
x2 + x− αq
u
k−1
)
(17)
Letting that, γ(x) = x2 + x− αk−1 and αk is a root of γ(x) = 0 in Fqn2k . So
αk is a root of Fk(x). Obviously, α
qn2
k−1
k is another root of γ(x) = 0 and we
have
αq
n2k−1+1
k = αk.α
qn2
k−1
k = −αk−1, (18)
for each k ≥ 1. It follows that
α
∑k
i=0 q
n2i−1
k =
{
−α if k is odd
α if k is even
(19)
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We clime that αk is primitive in Fqn2k over Fq. On the contrary, suppose that
there exists r0 ∈ N, r0 < q
n2k − 1 such that
αr0k = 1. (20)
In the following by considering two cases we show that, (20) is not satisfied.
case1: Let r0 is even, then by (19) and (20) we have
αr0 =
(
α
∑k
i=0 q
n2i−1
k
)r0
= (αr0k )
∑k
i=0 q
n2i−1
= 1. (21)
We note that
r0 6= t(q
n − 1), (22)
for each t ∈ N. Otherwise if there exists t0 ∈ N such that r0 = t0(q
n − 1),
then by (18)
(αt0k )
qn2
k−1
+1
= (−αk−1)
t0 .
and by (20)
α2t0k = α
t0(qn2
k−1
−1)+2t0
k = α
t0(qn2
k−1
+1)
k = (−αk−1)
t0 .
It follows that α2k = −αk−1 if t0 is odd and α
2
k = ±αk−1 if t0 is even. Since
αk is a root of γ(x) = 0, so αk ∈ Fqn , which is impossible. Therefore by (22)
there is h0, d0 ∈ N such that
r0 = d0(q
n − 1) + h0. 0 < h0 < q
n − 1 (23)
So by (21) and (23), there is h0 ∈ N, 0 < h0 < q
n − 1 such that
αh0 = α(q
n−1)d0+h0 = αr0 = 1,
which is impossible, since α is a primitive element of Fqn over Fq.
case2:Let r0 is odd, then by (19) we have(
α
∑k
i=0 2
sn2i−1
k
)r0
= ±αr0 .
So, from (20)
αr0 = ±1.
In the case αr0 = 1, the proof is similar to case1. So let
αr0 = −1. (24)
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We note that
r0 6= t
(
qn − 1
2
)
, (25)
for each t ∈ N. Otherwise if there exists t0 ∈ N such that r0 = t0
(
qn−1
2
)
,
then by (18) and (20)
(αt0k )
qn2
k−1
+1
= (−αk−1)
t0 .
and so
α2t0k = α
t0[(
qn2
k−1
−1
2
)+ q
n2k−1
−1
2
]+2t0
k = α
t0(qn2
k−1
+1)
k = (−αk−1)
t0 .
By an analogous technique which is given in the case1, we have αk ∈ Fqn,
which is impossible. Therefore by (25) there is h0, d0 ∈ N such that
r0 = d0(q
n − 1) + h0. 0 < h0 < q
n − 1, h0 6= (q
n − 1)/2 (26)
So by (24) and (26), there is h0 ∈ N, 0 < h0 < q
n − 1, h0 6= (q
n − 1)/2 such
that
αh0 = α(q
n−1)d0+h0 = αr0 = −1,
Therefore, by Proposition 2.4, we have
ord(α) = h0 · ord(−1) = 2h0 6= q
n − 1
which is impossible, since α is primitive in Fqn over Fq. Thus αk is primitive
and the proof is complete.
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